The generalized Sutherland-Römer model and Yan models with internal spin degree are formulated in terms of both the Polychronakos' approach and RTT relation associated to Yang-Baxter equation in consistent way.
I Introduction
In the last few years, a number of one-dimensional long-range interaction models have been studied [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . The typical one is Calogero-Sutherland model [1, 2] , then it is subsequently extended to the models with internal spin degrees of freedom [5] [6] [7] [8] [9] . Among them an interesting approach was proposed by Bernard-GaudinHaldane-Pasquier(BGHP) who made this type of models related to the RTT relation associated with Yang-Baxter equation(YBE) [10] . The BGHP approach provides a method to deal with long-range interaction models: for a given rational solution of YBE, for example, R(u) = u + P , where P is the permutation and u the spectral parameter, RTT relation gives rise to the Yangian symmetry. With a particular realization of the Yangian, in general, we can generate corresponding Hamiltonian of the considered systems.
On the other hand Polychronakos had formulated the integrability in terms of the "coupled" momentum operators [5, 6] :
where
(h = 1), V ij = V (x i − x j ) a potential to be determined and K ij the particle permutation operators. The requirements of the Hermiticity of π i , the absence of linear terms in p i and that only the two-body potentials in the Hamiltonian lead to [5] V (x) = −V (−x) ,
with W ij = W (x i − x j ) being a symmetric function. The commutation relation between π i and π j is found to be
This approach can be applied to many integrable systems, especially to C-S model [5, 6] .
Recently, Sutherland and Römer(S-R) presented a new long-range interaction model with the Hamiltonian [11] :
and a, l are arbitrary parameters. Sutherland and Römer had proved that eq. (1.5)
is quantum integrable. In parallel to this development Yan proposed another model [12] :
that was solved in terms of Bethe Ansatz. So far both the S-R model and Yan model have not systematically been studied in terms of RTT relation.
In this paper we shall show the following points:
1) The models eq. (1.5) and eq. (1.7) are also the conclusion of Polychronakos' approach.
2) On the basis of RTT relation the models eq. (1.5) and eq. (1.7) are related to the realization of Yangian, namely, they belongs to the Yang-Baxter system.
Both 1) and 2) are consistent with each other.
3) Further properties have been discussed that leads to other complicated conserved quantities.
II Sutherland-Römer Model and Yan Model
Let us first discuss the extended forms of V ij in eq. (1.1) that are different from those given by ref. [5, 6] . Setting
where P ± ij are given by eq. (1.6) and σ i quantum operators obeying
then by substituting eq. (2.1) into eq. (1.1) and doing the parallel discussion in ref. [5] , we find
Noting that P
The sufficient condition of the quantum integrability of eq. (1.1) is [5, 6] V ijk = constant (or zero) . (1) When A ijk = 0, B ijk = 0, a sufficient solution can be checked:
where x ≡ x ij = x i − x j , a, l constants and 
Eq. (2.7) is exactly H SR given by S-R [11] when K ij = ±1.
The conserved quantities are given by
which leads to .13) i.e. the model is quantum integrable in the sense of Polychronakos [5, 6] .
(2) When B ijk = 0, we consider two cases
that is well known as Calogero model when P + ij takes the value 1. 16) it is easy to prove that
and
so that eq. (2.12) is also satisfied. Define
With the help of eq. (2.15), one can prove
For the case (b) we have two sufficient solutions of V ijk :
Eq. (2.22) is the generalization of the spin chain model considered by BGHP [10] .
On condition that K ij = ±1, eq. (2.23) was first pointed out by Yan [12] through Bethe Ansatz, he also found the Y-operator defined by Yang [13, 14] for eq. (2.23)
where P is the permutation, σ 
III RTT Relation and Long-Range Interaction Models
Let us apply the BGHP approach [10] to the S-R model and Yan model.
The solution of Yang-Baxter equation, R-matrix, takes the simplest form as
and the RTT relation reads
and P 00 ′ is the permutation operator exchanging the two auxiliary spaces 0 and 0 ′ . Make the expansion [10]
3) 
For any auxiliary space {X ab } we require f
is equivalent to f n 2 = 0. So we need only to take
into account.
First from f n,0 3 = 0 it follows
which can be recast to 9) where no summation for the repeating indices is taken. Eqs. we obtain
Now let us set
Further we assume
cd j ] = 0, for any j (3.14)
with which the T ab 2 should satisfy
A sufficient solution of eq. (3.15) is
Thus eq. (3.11) generates long-range interaction through the eq. (3.14) and (3.17).
However so far there is not simple relationship between D i and I ab j which should satisfy eq. (3.14). It is very difficult to determine the general relationship. Fortunately, BGHP [10] have set up the link with the help of projection. Let the permutation groups Σ 1 , Σ 2 and Σ 3 be generated by K ij , P ij and the product P ij K ij respectively, where K ij exchange the positions of particles and P ij exchange the spins at position i and j. The projection ρ was defined as 18) i.e. the wave function considered is symmetric. Let I ab i be the fundamental representations, then
Suppose that there exists [10]
and theD i is particle-like operators, i.e. 
A calculation gives
One takes the Hamiltonian as
Therefore we define the Hamiltonian which have the Yangian symmetry given by eqs.(3.22), (3.12) and (3.17). In comparison to the known models we list the expressions forD i satisfying eq. (3.23)
Eqs. (3.27) and (3.28) were given in ref [5] , eq. (3.28) was studied in ref [10] .
Eq (3.29) is the generalization of S-R model.
An alternative description of transfer matrix was given by BGHP [10] . Definē
It was proved that
all satisfy the RTT relation.
The deformed determinant ofT (u) was defined by
It was proved that ρ(det qT (u)) = det q (T (u)) . 
IV Reflection Algebra
The associativity of RTT relation eq. (3.2) is Yang-Baxter equation(YBE) [13, 14] (Ř(u) = P R(u)):
where the subscripts indicate the spaces, namely,
It is well-known that for a givenŘ(u) satisfying eq. (4.1) there allows corresponding reflection operator K(u) determined by [16] 
where K 1 (u) = K(u) ⊗ 1. Eq. (4.2) possesses the remarkable properties [16] :
(1) Suppose K ± (u) are c-number solutions of eq. (4.2), so doK ± (u)
i.e. t(u) forms a commuting family. In order to solve K(u) in eq. (4.2) we make expansion:
Substituting eq. (4.6) into eq. (4.2) after calculations one obtains
14)
The T ab (u) in eq. (4.14) can be expanded in the terms of eqs. (3.3) and (3.22) which give the T ab (u):
). Substituting eq. (4.15) into eq. (4.14) we find Here we would like to emphasize that the t(u) does not generate conserved quantities.
The physical meaning of eq. (4.17) for the long-range interaction models is not clear yet. It deserves more knowledge in this area to be explored. What we would like to say is that the simplest form of reflection matrix K(u) for long-range interaction models can really be calculated. Substituting variety of the forms of D i given in section 3, the reflection matrix K(u) can explicitly be expressed by the interactions.
